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SUMMARY
This work proposes novel stability-preserving model order reduction approaches for vibro-acoustic finite
element models. As most research in the past for these systems has focused on noise attenuation in the
frequency-domain, stability-preserving properties were of low priority. However as the interest for time-
domain auralization and (model based) active noise control increases, stability-preserving model order
reduction techniques are becoming indispensable. The original finite element models for vibro-acoustic
simulation are already well established, but require too much computational load for these applications.
This work therefore proposes two new global approaches for the generation of stable reduced-order models.
Based on proven conditions for stability preservation under one-sided projection, a reformulation of the
displacement-fluid velocity potential (u− φ) formulation is proposed. In contrast to the regular formulation,
the proposed approach leads to a new asymmetric structure for the system matrices which is proven to
preserve stability under one-sided projection. The second approach starts from a displacement-pressure
(u− p) description where the system level projection space is decoupled for the two domains, for which
we also prove the preservation of stability. Two numerical validation cases are presented which demonstrate
the inadequacy of straightforward model order reduction on typical vibro-acoustic models for time-domain
simulation and compare the performance of the proposed approaches. Both proposed approaches effectively
preserve the stability of the original system. Copyright c© 2016 John Wiley & Sons, Ltd.
Received . . .
KEY WORDS: vibro-acoustics; finite element method; model reduction; stability
1. INTRODUCTION
Computer-aided engineering (CAE) tools have become indispensable in the modern design process.
The ever-increasing customer demands regarding the acoustic performance of products therefore
inspire the development of accurate and efficient methodologies for vibro-acoustic simulation.
Conventional simulation methods analyze (vibro-)acoustic problems in the frequency-domain,
but transient analysis in the time-domain is important to assess the product sound quality. This
is why transient simulation techniques have received an increasing amount of attention in recent
literature [1–7].
One of the most commonly used numerical methods in the field of vibro-acoustic simulation
is the finite element (FE) method [8], which can be used in both frequency- and time-domain.
Various finite element formulations exist for coupled vibro-acoustic problems. An overview of
these formulations can be found in [9]. The most widespread formulation uses displacements as
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nodal degrees of freedom in the structure and pressure in the fluid. We will refer to this formulation
as the u− p formulation. This is the most natural formulation for the coupled vibro-acoustic
problem since the nodal degrees of freedom represent physical, measurable quantities. Another
reason for the popularity of this formulation is that it results in a real dynamic stiffness matrix for
undamped frequency-domain simulations and in a real eigenvalue problem for the computation of
the undamped modes. It is the standard formulation used in most commercial FE tools for coupled
vibro-acoustic analysis [10].
One of the major drawbacks of element-based methods is their computational cost, which
scales unfavourably with increasing problem size and frequency, restricting the overall practical
applicability. In order to accurately describe the wave-like spatial character of the variables, the use
of locally defined and low-order shape functions imposes minimum requirements on the number
of elements used per wavelength, and therefore limits the maximum element size for a given
wavelength [11]. The highest frequency of interest determines the smallest wavelength present in
the model, which in turn dictates the maximum element size. Because of the three-dimensional
nature of acoustics, the number of elements in the model grows rapidly with increasing problem
size or equivalently with decreasing element size (and thus also with increasing frequency). In order
to alleviate the problems associated with computational costs one can turn to model order reduction
(MOR) techniques to reduce the number of degrees of freedom for a desired accuracy [12]. For
coupled vibro-acoustic problems the advantages of MOR have already been demonstrated in
frequency-domain analysis [10, 13, 14]. In this paper we show that popular reduction techniques
for frequency-domain analysis cannot be directly applied to time-domain analysis. This stems from
the fact that these techniques generally do not preserve the stability of the original system in the
reduced-order model (ROM). A loss of stability has no negative impact on the frequency-domain
analysis of the system, but it leads to a rapidly diverging response in the time-domain.
Several general MOR techniques that preserve system stability have already been developed.
Balanced truncation [15] ensures system stability, but the computational effort associated with
solving the Lyapunov equations scales poorly with problem size (∼ O(n3)), making the application
of balanced truncation infeasible for practical purposes. Recent works by Amsallem and Farhat [16]
and Bond and Daniel [17] both present general purpose optimization approaches to obtain a stable
reduced-order model. The right projection basis is left unchanged while the left projection basis is
modified in order to achieve stability. In both works the constraints of the optimization problem
enforce the stability of the reduced-order model while the objective function is chosen to minimize
the difference between the resulting left projection basis and the original one to ensure that the
loss of accuracy in the stabilization process is as small as possible. Yet the method described
by Amsallem and Farhat in [16] does not guarantee the existence of a feasible (stable) solution.
For the approach of Bond and Daniel in [17] the existence of a feasible solution can be proven,
but the proposed algorithms are not guaranteed to find a feasible solution in a finite number of
iterations. These are major drawbacks for the practical use of both methods. The method described
by Kalashnikova et al. in [18] guarantees the stability of the resulting ROM through pole placement.
This ensures that the resulting ROM is stable but leads to a trade-off on the accuracy where the
loss is theoretically unbounded. In the field of circuit modeling and simulation there has also been
a lot of attention for stability- and passivity-preserving MOR [19, 20]. However, because these
methods rely on the specific structure of these circuit models, it is not possible to apply them to
vibro-acoustic systems. An interesting alternative for passivity preserving MOR is interpolation of
spectral zeros [21–23], but this technique is restricted to Krylov subspace methods and limits the
choice of interpolation points.
This work proposes and compares two new approaches for reduced-order coupled vibro-acoustic
FE simulation which inherently preserve the stability (and under the right circumstances even
the passivity) of the original system. This makes the resulting reduced-order models suitable
for time-domain simulation. These methods are computationally inexpensive and require only
Copyright c© 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2016)
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minor modifications to existing MOR schemes for frequency-domain vibro-acoustic analysis.
We mathematically derive a set of sufficient conditions under which the stability of the coupled
system is preserved in a one-sided projection. It is shown that the basic structure of the common
u− p and u− φ formulations for vibro-acoustics does not lead to preservation of stability in the
reduced-order model.
The first of the proposed approaches is based on an altered u− φ formulation for vibro-acoustics.
We prove that with a small but well-chosen modification to the u− φ formulation, the model loses
symmetry but does however obtain a structure that is suitable for stability-preserving MOR. The
results are general in the sense that any one-sided projection method can be applied.
The second approach is a direct application of block-structure preserving model order reduction.
We prove that preserving the block-structure in the vibro-acoustic system matrices leads to
stable reduced-order models. Again any one-sided projection method can be used, but the
projection basis may need to be modified in order to ensure the preservation of the block-structure.
This method enables stability-preserving model order reduction for vibro-acoustic systems in the
u− p formulation. The size of the reduced-order model is increased as compared to the first method.
This paper is structured as follows: Section 2 contains an introduction to the FE modeling of
coupled vibro-acoustic systems. Next the projection-based MOR of these systems is discussed in
section 3. Section 4 studies the conditions under which the one-sided projection of a linear descriptor
system is guaranteed to retain stability. Particular emphasis is placed on the influence of definiteness
of the system matrices. The insights obtained in this analysis are then used in section 5 to derive a
strategy for performing one-sided projection-based MOR on a coupled vibro-acoustic system while
preserving stability. We propose two alternative ways of formulating either the vibro-acoustic FE
problem or its projection such that the requirements for preservation of stability are met. Next, the
workflow for performing stability-preserving MOR is explained in section 6. Section 7 demonstrates
the advantages of the proposed methods by reviewing several numerical experiments. Concluding
remarks are made in section 8.
2. FINITE ELEMENT MODELING OF COUPLED VIBRO-ACOUSTIC SYSTEMS
The dynamics of a coupled vibro-acoustic system, spatially discretized using the finite element
method, are described by the set of ordinary differential equations
Mx¨+Cx˙+Kx = F, (1)
where M, C and K ∈ Cn×n are the mass, damping and stiffness matrices and F ∈ Cn is the
forcing vector. The total number of degrees of freedom is denoted as n and is the sum of the total
number of structural degrees of freedom ns and acoustic degrees of freedom na. Many methods
exist to find a time-domain solution to this problem, provided that the forcing vector and the set of
initial conditions are known [8]. We therefore concentrate on the continuous-time representation of
the system.
As mentioned in the introduction, this system of equations can take on various forms depending
on the formulation that is used to describe the coupled vibro-acoustic system. The most widespread
formulation uses displacements in the structure u and pressure in the fluid p to characterize the state
of the system. The full system of equations in this u− p formulation is given by
Mupx¨up +Cupx˙up +Kupxup = Fup, (2)
with
Copyright c© 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2016)
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Mup =
[
Ms 0
−ρKTc Ma
]
Cup =
[
Cs 0
0 Ca
]
Kup =
[
Ks Kc
0 Ka
]
xup =
[
u
p
]
Fup =
[
Fs
Fa
]
,
(3)
where Ms, Cs and Ks ∈ Cns×ns are the mass, damping and stiffness matrices of the structural
part of the system, Ma, Ca and Ka ∈ Cna×na are the mass, damping and stiffness matrices of
the acoustic part of the system respectively, Kc ∈ Cns×na represents the vibro-acoustic coupling
matrix and ρ is the specific density of the acoustic fluid [8]. The vector u contains the nodal
displacements of the structure and p the nodal pressures in the acoustic fluid. The forcing vectors
on the structural and acoustic part of the system are represented by Fs ∈ Cns and Fa ∈ Cna
respectively. Since all of the submatrices in (3) originate from an FE discretization of structural
dynamic and acoustic subsystems, Ms and Ma are symmetric positive definite, and Cs, Ca, Ks
and Ka are symmetric positive (semi-)definite.
The u− p formulation in (2)-(3) results in nonsymmetric global system matrices. Since symmetry
can be a significant advantage when solving large sparse linear systems, Everstine [24] proposes an
alternative, symmetric formulation which uses the scalar fluid velocity potential φ instead of the
pressure p to describe the state of the fluid part of the system. This fluid velocity potential is defined
by
p = −ρφ˙, (4)
such that the vector containing the nodal pressure values in the fluid can be expressed as
p = −ρφ˙. The use of this new state vector φ for the fluid in conjunction with the state vector u
for the structure results in what we will refer to as the u− φ formulation. The use of this u− φ
formulation instead of the u− p formulation results in the system of equations
Muφx¨uφ +Cuφx˙uφ +Kuφxuφ = Fuφ, (5)
with
Muφ =
[
Ms 0
0 −ρMa
]
Cuφ =
[
Cs −ρKc
−ρKTc −ρCa
]
Kuφ =
[
Ks 0
0 −ρKa
]
xuφ =
[
u
φ
]
Fuφ =
[
Fs
Fφ
]
,
(6)
where F˙φ = Fa. The global Kuφ, Cuφ and Muφ matrices are now symmetric.
3. PROJECTION-BASED MOR FOR VIBRO-ACOUSTIC FE MODELS
The matrices in equation (1) are often very large in size, which severely limits its practical use due
to computational constraints. To overcome this problem one can turn to MOR techniques to reduce
the system size while still retaining a high level of accuracy. In projection-based MOR for systems
described by (1), one attempts to find a left projection matrix W ∈ Cn×r and a right projection
matrix V ∈ Cn×r such that the projected system
Mr¨ˆx+Cr ˙ˆx+Krxˆ = Fr, (7)
with
Copyright c© 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2016)
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Mr =W
TMV Cr =W
TCV
Kr =W
TKV Fr =W
TF
x = Vxˆ,
(8)
is an accurate low-dimensional (r  n) approximation of the original system, in the sense that
the input-output behaviour of the projected system resembles the one of the original system [12].
In order to perform a meaningful time-domain analysis of (1) by using the ROM in (7)-(8), it is
essential that this ROM has the same stability properties as the original system in (1). Unfortunately
preservation of stability is generally not ensured for this model order reduction process [25]. It is
possible that the ROM is unstable even though the original system was stable.
In case V =W the projection in (8) is called a one-sided projection. When V 6=W it is called
a two-sided projection [25]. In this work we present a one-sided projection framework that is
guaranteed to preserve the stability properties of the original vibro-acoustic system.
It is difficult to directly study the stability of a second-order system as in (1) or its reduced-order
counterpart in (7). We therefore introduce the concept of a linear descriptor system since criteria for
stability are well-established for this kind of system. The dynamics of a linear descriptor system are
governed by the set of equations
Ex˙d = Axd +Bu
y = Lxd,
(9)
with E,A ∈ Cm×m, B ∈ Cm×k and L ∈ C`×m, where xd ∈ Cm contains the states of the
system, u ∈ Ck the inputs to the system and y ∈ C` contains the outputs. It is important to note that
the second-order system of equations in (1) can be written as such a first-order descriptor system:
[
I 0
0 M
] [
x˙
x¨
]
=
[
0 I
−K −C
] [
x
x˙
]
+
[
I 0
0 I
] [
0
F
]
y =
[
I 0
0 I
] [
x
x˙
]
.
(10)
The descriptor system in (9) can also be approximated using projection-based MOR in the same
way as the second-order system in (1) is approximated by the projected system (7)-(8). We define
the one-sided projection of the linear descriptor system in (9) as
Er ˙ˆxd = Arxˆd +Bru
y = Lrxˆd,
(11)
with
Er = V
T
dEVd Ar = V
T
dAVd
Br = V
T
dB Lr = LVd
xd = Vdxˆd,
(12)
and Vd ∈ Cm×r, Er,Ar ∈ Cr×r, Br ∈ Cr×k, Lr ∈ C`×r and xˆd ∈ Cr.
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The one-sided projection of the second-order system of equations (1) onto the basis V in (7)-(8),
is equivalent to the projection of its descriptor system representation (10) onto the projection basis
Vd in (11)-(12), with:
Vd =
[
V 0
0 V
]
. (13)
Such a way of using a split basis is often referred to as structure-preserving model order reduction
since the second-order structure of the system is preserved in the reduction process [26–29].
Note that it is also possible to use MOR techniques for first-order systems with the descriptor
representation in (10), but this results in a projection matrix Vd which does not have the split
structure from (13). Therefore the second-order structure of the system would be lost in such a
first-order reduction process.
4. STABILITY OF THE ONE-SIDED PROJECTION OF A LINEAR DESCRIPTOR SYSTEM
The stability of a vibro-acoustic system is critical for its time-domain behaviour. In order to design
stability-preserving MOR methods for vibro-acoustic FE models, we investigate the mathematical
conditions under which a system is stable. For linear descriptor systems, stability criteria are
well-established. This section therefore studies the conditions under which it is possible to preserve
the stability of a linear descriptor system in a one-sided projection. The findings from this section
will be exploited in section 5 to develop stability-preserving MOR methods for vibro-acoustic FE
models.
The system in (9) is critically stable if and only if all of the generalized eigenvalues of the matrix
pair (A,E) have a negative real part [30]. Since these eigenvalues correspond to the poles of the
system, this is equivalent to stating that all the system poles must be in the closed left-half complex
plane for the system to be critically stable. In the remainder of this article, the use of the term
stability always refers to critical stability.
In this work, preservation of system stability in model reduction relies heavily on the definiteness
properties of the system matrices. In this context, we define definiteness without the usual
assumption of symmetry:
Definition 1
A matrix Q ∈ Rn×n is positive semi-definite if
xTQx ≥ 0
for any non-zero vector x ∈ Rn.
For positive definiteness the inequality in definition 1 becomes strict. Negative (semi-)definiteness
is defined in the same manner. For matrices with non-real entries, the definition is extended by
making use of the conjugate transpose (denoted by x∗) and demanding that Re{x∗Qx} ≥ 0 for any
non-zero vector x ∈ Cn. For the sake of brevity, we will adopt Q > 0 as a shorthand notation to
indicate positive definiteness of the matrix Q.
Theorem 1
A linear descriptor system as in (9) is stable if E = ET > 0 and A ≤ 0.
Proof
This proof assumes that E,A ∈ Rm×m in order not to overload the notation, but the proof can be
extended to include matrices with non-real entries. Let λ = a+ bj be a generalized eigenvalue of
the matrix pair (A,E) and φ = u+ vj the corresponding normalized eigenvector. By definition of
Copyright c© 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2016)
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the generalized eigenvalue problem, it holds that
Aφ = λEφ
⇔ (A− λE)φ = 0
⇔ (A− aE− bEj) (u+ vj) = 0
⇔ (Au− aEu+ bEv) + (Av − aEv − bEu) j = 0
⇔ Au− aEu+ bEv = 0 (♦)
and Av − aEv − bEu = 0 (2).
Combining these two equations, we obtain
uT(♦) + vT(2) = 0
⇔ a = u
TAu+ vTAv
uTEu+ vTEv
.
Since A ≤ 0 and E > 0, definition 1 implies that a ≤ 0. The real part of any generalized
eigenvalue λ of this matrix pair (A,E) is always negative. The system is stable.
A special class of linear descriptor systems called definite systems possesses some interesting
properties regarding stability and also passivity. Passivity implies that the system does not generate
energy.
Definition 2
The descriptor system in (9) is a definite system if and only if E = ET > 0, A ≤ 0 and L = BT.
Theorem 1 indicates that definite systems are always stable. Additionally, definite systems are
also passive. The reader is referred to [31] for a proof.
Lemma 1
A congruence transformation of full rank retains definiteness.
Proof
Let R ∈ Rr×r be the result of a congruence transformation S ∈ Rn×r on a matrix Q ∈ Rn×n with
r < n and rank(S) = r:
R = STQS.
For any vector x ∈ Rn and corresponding y = Sx ∈ Rr it holds that
xTRx = xT
(
STQS
)
x =
(
xTST
)
Q (Sx) = (Sx)TQ(Sx) = yTQy.
Through the use of definition 1, we can see that the definiteness of Q and R is equal.
Note that this proof can be modified to include matrices with non-real entries, by replacing the
regular transpose T with the conjugate transpose ∗.
Now we have all the prerequisites to state and prove a theorem concerning the preservation of
stability in MOR for linear descriptor systems.
Theorem 2
Stability is preserved in the one-sided projection of the descriptor system in (9) if E = ET > 0
and A ≤ 0.
Proof
To prove the theorem it suffices to show that the projected system (11)-(12) is stable under the
conditions mentioned in the theorem.
Since E > 0 and A ≤ 0, lemma 1 implies that also Er > 0 and Ar ≤ 0. Since E = ET also Er =
VTEV =
(
VTEV
)T
= ETr . Then according to theorem 1, the projected system is stable.
Note that since L = BT implies Lr = BTr , a definite system as in definition 2 remains definite
after a one-sided projection, retaining not only stability but also passivity.
Copyright c© 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2016)
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5. A STABILITY-PRESERVING ONE-SIDED PROJECTION FOR COUPLED
VIBRO-ACOUSTIC FE MODELS
In this section the conditions for stability from the previous section are exploited in order to design
stability-preserving model order reduction schemes for vibro-acoustic FE models.
As discussed in section 2, the matrices Ks and Ka originate from an FE discretization of
structural and acoustic domains. Consequently they are symmetric and can be either positive
definite or positive semi-definite. In case they are positive semi-definite, the zero eigenvalues of
these matrices correspond to rigid body modes of the system. These rigid body modes manifest
themselves as system poles at the origin of the complex plane. Since these poles are not in the open
right-half plane they do not adversely affect the stability of the system. This is why we disregard the
existence of rigid body modes in the subsequent analysis without loss of generality. This implies
that we can consider Ks and Ka to be strictly positive definite.
To assess the possibility of retaining stability in a one-sided projection, we investigate the
definiteness of the global system matrices. For the u− p formulation in (2)-(3), Cup is positive
(semi-)definite. However, Kup is not positive definite due to the presence of Kc:
xTKupx =
[
xT1 x
T
2
] [Ks Kc
0 Ka
] [
x1
x2
]
= xT1Ksx1 + x
T
2Kax2 + x
T
1Kcx2.
(14)
A similar observation can be made for Mup.
Since Mup and Kup are indefinite, Eup and Aup of the equivalent descriptor system (10) are
indefinite as well. It is possible that even though the vibro-acoustic system is stable, this stability is
lost in a one-sided projection.
By contrast, the u− φ formulation in (5)-(6) has symmetric mass and stiffness matrices Muφ and
Kuφ in which Kc is no longer present. However, they are still indefinite:
xTKuφx =
[
xT1 x
T
2
] [Ks 0
0 −ρKa
] [
x1
x2
]
= xT1Ksx1 − ρxT2Kax2.
(15)
Again the Euφ and Auφ matrices of the equivalent descriptor system are indefinite such that
stability is not preserved in a one-sided projection.
Even though the original vibro-acoustic system is stable, both the u− p formulation in (2)-(3)
and the u− φ formulation in (5)-(6) may result in reduced-order models that are unstable. In the
following subsection we present a modification to the u− φ formulation that partially destroys the
symmetry but nevertheless guarantees the stability of the reduced-order model.
5.1. Preservation of stability using a modified u− φ formulation
Although the u− φ formulation in (5)-(6) is symmetric, the global system matrices Muφ and Kuφ
are still indefinite. A change of sign of the set of equations governing the acoustic degrees of freedom
remedies this. We will refer to this formulation as the modified u− φ formulation:
Mmuφx¨uφ +Cmuφx˙uφ +Kmuφxuφ = Fmuφ, (16)
with
Copyright c© 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2016)
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Mmuφ =
[
Ms 0
0 ρMa
]
Cmuφ =
[
Cs −ρKc
ρKTc ρCa
]
Kmuφ =
[
Ks 0
0 ρKa
]
xuφ =
[
u
φ
]
Fmuφ =
[
Fs
−Fφ
]
,
(17)
The global Mmuφ and Kmuφ matrices are now symmetric positive definite. The damping matrix
Cmuφ is no longer symmetric, but it is positive (semi-)definite:
xTCmuφx =
[
xT1 x
T
2
] [ Cs −ρKc
ρKTc Ca
] [
x1
x2
]
= xT1Csx1 + x
T
2Cax2 − ρxT1Kcx2 + ρxT2KTc x1
= xT1Csx1 + x
T
2Cax2 ≥ 0.
We now use the equivalent descriptor representation of the system in (16)-(17) to study its
stability. The descriptor representation can be formulated as:
[
KTmuφ 0
0 Mmuφ
] [
x˙
x¨
]
=
[
0 KTmuφ
−Kmuφ −Cmuφ
] [
x
x˙
]
+
[
I 0
0 I
] [
0
Fmuφ
]
y =
[
I 0
0 I
] [
x
x˙
]
,
(18)
with Emuφ = ETmuφ > 0 and with Amuφ ≤ 0, as for any x =
[
x1
x2
]
6= 0:
xTAmuφx =
[
xT1 x
T
2
] [ 0 KTmuφ
−Kmuφ −Cmuφ
] [
x1
x2
]
= −xT2Cmuφx2 + xT1KTmuφx2 − xT2Kmuφx1
= −xT2Cmuφx2
≤ 0,
since Cmuφ ≥ 0.
Using the equivalent descriptor formulation in (18) to study the stability of the the modified u− φ
formulation in (16)-(17), we see that Emuφ = ETmuφ > 0 and Amuφ ≤ 0. According to theorem 2,
the stability of this system is preserved in a one-sided projection. Actually, since Lmuφ = BTmuφ,
this is even a definite system, guaranteeing not only stability but also passivity.
The modified u− φ formulation (16)-(17) of a vibro-acoustic FE model, even though it lacks
some symmetry compared to the standard u− φ formulation in (5)-(6), guarantees that a one-sided
projection-based MOR procedure as in (7)-(8) preserves stability. The resulting reduced-order
models are therefore well-suited for time-domain simulation.
Note that in vibro-acoustic simulations the pressure p is the quantity of physical interest in the
acoustic domain. When performing simulations using the modified u− φ formulation p can be
obtained directly without the need for extensive post-processing. In cases where the first-order state-
space representation (10) is used the nodal values φ˙ are part of the state vector, and the vector
p is found through the relationship p = −ρφ˙. When simulating the system in its second-order
formulation (1) common time-integration schemes (e.g. those of the Newmark-family [32]) also
explicitly calculate the time derivative of the primary variables. In these cases, obtaining p requires
no additional computational cost.
Copyright c© 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2016)
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5.2. Preservation of stability using the u− p formulation and extended projection basis
The previous section introduces a modification to the u− φ formulation and proves that this
modification ensures stability preservation in a one-sided projection. This requires that the problem
is (re)formulated with the fluid velocity potential φ as primary variable in the fluid domain.
Although there is no theoretical barrier for doing so, we already argued that the u− p formulation is
the most widespread. With the insights gained in the properties of the (modified) u− φ formulation,
we now develop a method to reduce the model in u− p formulation with preservation of stability.
The main drawback of this method is that the reduced-order model may double in size as compared
to the first method using the modified u− φ formulation. We therefore stress that the method
established in section 5.1 is theoretically superior, but the method developed in this section holds
the practical advantage that the system can be kept in the more conventional u− p formulation.
The structural and fluid degrees of freedom are kept separate in the reduced-order model, which
enables the use of staggered time integration schemes. When implemented in a parallel fashion this
may (partially) compensate for the increase in ROM size.
The starting point for this stability-preserving MOR strategy for the system in u− p formulation
is an equivalence between the poles of the u− p and modified u− φ formulations. This is elaborated
in the following theorem.
Theorem 3
The poles of the u− p formulation in (2)-(3) and the modified u− φ formulation in (16)-(17) are
equal.
Proof
Consider the Laplace transform of the system equations (1)(
K+ sC+ s2M
)
X(s) = F(s).
The poles of the system are the values for s for which the matrix
(
K+ sC+ s2M
)
becomes
singular. Consequently, finding the poles of this system is equivalent to finding the values for s
for which det
(
K+ sC+ s2M
)
= 0. For the u− p formulation (2)-(3) the poles are then given by∣∣∣∣Ks + sCs + s2Ms Kc−ρs2KTc Ka + sCa + s2Ma
∣∣∣∣ = 0.
For ease of notation we define G(s) ≡ Ks + sCs + s2Ms and H(s) ≡ Ka + sCa + s2Ma. The
previous equation then becomes ∣∣∣∣ G(s) Kc−ρs2KTc H(s)
∣∣∣∣ = 0. (19)
For the modified u− φ formulation (16)-(17) we divide both sides of the set of equations
governing the acoustic behaviour (the bottom set of equations) by ρ. The poles are then found
as ∣∣∣∣Ks + sCs + s2Ms −sρKcsKTc Ka + sCa + s2Ma
∣∣∣∣ = ∣∣∣∣G(s) −sρKcsKTc H(s)
∣∣∣∣ = 0. (20)
Since the determinants in (19) and (20) are equal, the poles of the two formulations are
identical.
Because these two formulations have identical poles, stability is preserved when converting a
system from the u− p formulation (2)-(3) to the modified u− φ formulation (16)-(17) and vice
versa.
In order to apply theorem 3 to a vibro-acoustic system in u− p formulation it is necessary that
its system matrices have the same structure as in (3). This block-partitioned structure is present
because the structural and acoustic degrees of freedom are separated. In general this structure is lost
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in the reduction process, and it is therefore not possible to convert the reduced u− p system to an
equivalent system in the modified u− φ formulation (or vice versa) after the reduction step. This is
also the case for the stable reduced-order models obtained by the method proposed in section 5.1.
Let the standard projection basis V ∈ Cn×r, obtained through any one-sided projection-based
MOR method (e.g. Krylov-subspace projection, modal truncation, ...), be given by
V =
[
Vs
Va
]
. (21)
with Vs ∈ Cns×r the part of the projection matrix that corresponds to the structural degrees of
freedom and Va ∈ Cna×r the part corresponding to the acoustic degrees of freedom. The projection
of the vibro-acoustic system in the modified u− φ formulation (16)-(17) onto this basis V results
in:
Mmuφr
¨ˆxuφ +Cmuφr
˙ˆxuφ +Kmuφr xˆuφ = Fmuφr , (22)
with
Mmuφr = V
TMmuφV = V
T
s MsVs + ρV
T
aMaVa
Cmuφr = V
TCmuφV = V
T
s CsVs + ρV
T
a CaVa − ρVTs KcVa + ρVTaKTc Vs
Kmuφr = V
TKmuφV = V
T
s KsVs + ρV
T
aKaVa
Fmuφr = V
TFmuφ = V
T
s Fs +V
T
a Fφ
xˆuφ = V
−1xuφ
(23)
These matrices no longer possess the block structure that was present in the original system
matrices in (17) and can therefore not be converted back to an equivalent system in u− p
formulation. Note that the second-order structure of the system is preserved, and only the block
structure within these second-order system matrices that corresponds to the structural-acoustic DOF
separation is lost.
Using a projection basis with a carefully chosen structure however, we are able to retain the
block structure within the second-order system matrices, thus allowing for conversion between the
u− p and modified u− φ formulation after the reduction step. This is achieved by augmenting the
projection basis from (21) with zero blocks to obtain the extended projection basis V˜:
V˜ =
[
Vs 0
0 Va
]
. (24)
This strategy is similar to the one proposed in [33] to achieve block structure preserving MOR for
coupled systems. Remark that the space spanned by the columns of V˜ contains the space spanned
by the columns of V, such that when using V˜ the reduced system will be at least as accurate as
when using V. For practical implementation it is recommended to orthogonalize V˜, which equates
to orthogonalizing both Vs and Va. Also note that V˜ has twice as many columns as V such that
the projected system will contain twice as many degrees of freedom (DOFs). Since Vs and Va
may be rank-deficient this can be slightly ameliorated by using a rank-revealing algorithm for the
orthogonalization of Vs and Va, but to the authors’ experience the total number of columns in V˜
still remains close to twice the number of columns in V. Projecting the system of equations (2)-(3)
onto the extended basis V˜ results in:
Mupxr ¨ˆxupx +Cupxr ˙ˆxupx +Kupxr xˆupx = Fupxr , (25)
with
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Mupxr =
[
Ms,r 0
−ρKTc,r Ma,r
]
Cupxr =
[
Cs,r 0
0 Ca,r
]
Kupxr =
[
Ks,r Kc,r
0 Ka,r
]
xˆupx =
[
uˆ
pˆ
]
Fupxr =
[
Fs,r
Fa,r
] (26)
and
Ms,r = V
T
s MsVs Ma,r = V
T
aMaVa
Cs,r = V
T
s CsVs Ca,r = V
T
a CaVa
Ks,r = V
T
s KsVs Ka,r = V
T
aKaVa
uˆ = V−1s u pˆ = V
−1
a p
Fs,r = V
T
s Fs Fa,r = V
T
a Fa
Kc,r = V
T
s KcVa.
By lemma 1 the matrices Ms,r and Ma,r are symmetric positive definite, Ks,r and Ka,r
are symmetric positive (semi-)definite and Cs,r and Ca,r are positive (semi-) definite but not
necessarily symmetric. This system of equations therefore has the same structure and properties as
the unprojected system of equations in the standard u− p formulation (2)-(3), and could therefore
be converted to an equivalent modified u− φ formulation as in (16). The same reduced system in
the modified u− φ formulation could also have been obtained in an alternative way, namely by
projecting the modified u− φ representation of the full, unreduced system onto the basis V˜. Such
a one-sided projection has already been shown to retain stability. Because the equivalent reduced
system in the modified u− φ formulation is stable, theorem 3 implies that its u− p counterpart
in (25)-(26) is also stable. In other words: the stability of a system in u− p formulation is preserved
in a one-sided projection onto a basis with the structure of V˜ as in (24).
The structural and acoustic degrees of freedom remain segregated in the reduced-order model
with this method. This holds the additional benefit that staggered time integration schemes can be
used, where the structural and fluid portions of the problem are integrated separately (and possibly
in parallel) [34–36]. This is not possible for the method developed in section 5.1. The use of a
staggered integration scheme with parallel implementation may be able to compensate for the
disadvantage of the increased system size of the ROM in (25) compared to the ROM in (22). In this
regard it is interesting to note that the reduced structural and acoustic subdomains in (26) each have
a size that is comparable to the size of the ROM in (22).
It is possible to use any one-sided projection-based MOR method for second-order systems to
generate a projection basis V as in (21) and then split and augment this basis to obtain V˜ in (24).
Alternatively some MOR techniques exist that immediately produce a projection matrix which
has the structure of V˜. Substructuring techniques such as component mode synthesis (CMS) are
a popular choice of MOR method for vibro-acoustic systems, often paired to a finite element
model in u− p formulation [33, 37, 38]. The structural and acoustic domains are then considered
as two separate “components” of the full coupled system and individual projection bases are
constructed for each of these domains, which leads to a global projection matrix with the same
structure as V˜. The insights gained in this section allow us to prove that these methods are in fact
stability-preserving.
In order to avoid ambiguity we wish emphasize that the partitioning of the projection matrix
V˜ in (24) is different from the split basis that is used in (13), and both are actually combined in
the proposed method. The specific composition of Vd in (13) allows us to use MOR techniques
that preserve the second-order structure of the problem. The extended projection matrix V˜ in (24)
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is used to preserve the block structure within these second-order system matrices, which enables
stability preservation.
5.3. Limitations of the proposed methods
In this section two novel techniques for stability preserving MOR of coupled vibro-acoustic FE
models were proposed. The first technique arranges the system into the modified u− φ formulation
of (16), after which any one-sided projection is guaranteed to preserve stability. The second method
uses an extended one-sided projection basis V˜ to ensure preservation of stability, which implies
that the system can also be left in the more commonly used u− p formulation.
The original system has to meet certain requirements in order for the proposed techniques to be
applicable:
• The system matrices are frequency-independent.
• The matrices Ks and Ka are symmetric positive (semi-)definite.
• The matrices Ms and Ma are symmetric positive definite.
• The matrices Cs and Ca are positive (semi-)definite, but not necessarily symmetric.
• The projection matrix V can be any complex n× r matrix, as long as it is of rank r.
6. WORKFLOW
Figure 1. Workflow of the proposed method.
This section condenses the findings from the preceding sections into a structured workflow for
performing efficient time-domain simulation of vibro-acoustic FE models using stability-preserving
MOR. A schematic of this workflow is depicted in figure 1.
The first step consists of constructing the system (sub)matrices Ms,Cs,Ks,Ma,Ca,Ka and
Kc of the vibro-acoustic FE model. Once these have been obtained, the next step comprises the
choice of formulation. This is achieved by assembling the global system matrices either as in the
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common u− p formulation in (2)-(3) or the modified u− φ formulation in (16)-(17). The branch
of the workflow that is followed in figure 1 depends on this choice of formulation.
In case the modified u− φ formulation is chosen the MOR is performed in a conventional way:
a projection basis V is constructed using any one-sided MOR method, after which a stable ROM
is obtained by projecting the system matrices onto this basis as in (22)-(23). If, on the other hand,
the u− p formulation is chosen, it becomes necessary to extend the projection basis V to V˜ as
in (24) to ensure the stability of the projected system. The projection of the system matrices on this
extended basis V˜ is then performed according to (25)-(26).
Now that we have a stable ROM, either in the u− p or the modified u− φ formulation, it becomes
possible to perform accurate time-domain simulations efficiently using any time-integration method
suitable for first- or second-order systems. Staggered integration schemes where the structural and
fluid partitions of the problem are integrated separately can only be used with a split projection
basis V˜.
Note that it is advisable to use the modified u− φ formulation for stability-preserving MOR of
coupled vibro-acoustic FE models. Keeping the system in u− p formulation necessitates the use
of an extended projection basis V˜, resulting in a reduced-order model with possibly up to twice as
many DOFs.
7. NUMERICAL EXPERIMENTS
This section demonstrates the advantages of the proposed methods for time-domain simulation
of reduced-order vibro-acoustic models. Two cases are studied: the first case consists of a square
aluminium panel backed by a cube-shaped cavity with sound hard boundaries while the second case
tackles a more complex car interior geometry with vibrating roof and normal impedance boundary
condition on the seats. The first case is an academical example which is reproducible and therefore
serves as a benchmark problem. The second case demonstrates that the proposed techniques are
effective when applied to problems of industrial size and complexity.
7.1. Cube-shaped cavity with square aluminium plate
The vibro-acoustic system used in this analysis consists of a square, cavity-backed aluminium plate,
discretized by the finite element method with linear elements. The element size is chosen such that
a resolution of at least 6 elements per wavelength is obtained at 500 Hz. The cavity geometry is a
cube with an edge length of 1m. The plate has an edge length of 1m and is 3mm thick. The plate
is clamped at its edges and is modeled using shell-type elements. The acoustic cavity is filled with
air, and the enclosing walls are rigid. The excitation consists of a point force acting on the plate
located at (0.2, 0.32, 1) m, and the sound pressure is calculated at (0.76, 0.6, 0.2) m. Figure 2 shows
a graphical representation of this system, and table I lists the material properties.
In this analysis, we compare the properties and performance of a conventional reduced-order
model in u− p formulation not using an extended projection basis, a reduced-order model in
u− p formulation with an extended projection basis, a reduced-order model using the standard
u− φ formulation and a reduced-order model obtained using the modified u− φ formulation. The
original full-order finite element model consists of 20456 DOFs, 2880 of which correspond to
the plate and 17576 to the acoustic cavity. The damping included in this system was modeled as
Rayleigh damping (Cs = αMs + βKs and Ca = αMa + βKa). For the reduced-order models, the
projection basis is constructed using a one-sided second-order Arnoldi process where the expansion
points are determined by an iterative procedure, resulting in a reduced-order model with a total
of 123 DOFs [29, 39]. The reduced-order model obtained with the extended projection basis and
the u− p formulation has 245 DOFs, which is almost twice as much as with the non-extended
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Figure 2. Geometry and finite element mesh of the cube-shaped cavity with square aluminium plate.‡
projection basis. To assess the quality of approximation of the reduced-order models, we first look
at the frequency response function (FRF) of the acoustic pressure to the point force excitation.
Figure 3 displays the FRFs obtained with the full FE model and all of the reduced-order models.
Figure 4 depicts the relative error on the amplitude of the FRFs obtained with these reduced models.
The relative error is defined as
ε =
|FRFROM − FRFfull FE|
|FRFfull FE| .
The expansion points and Krylov subspace orders used to construct the projection bases are
identical for all formulations, thus allowing for a fair comparison. Keep in mind however that the
model obtained by projection of the system in u− p formulation on the extended basis V˜ is larger
in size than the others. As these figures show, the ROMs match the behaviour of the full FE model
up to a frequency of approximately 400 Hz. The frequency range in which the original model
behaviour is matched by the reduced-order models is determined by the choice of expansion points
and Krylov subspace orders [40]. In this sense there is a trade-off between ROM size and the width
of the frequency range in which the ROM is an accurate representation of the full-order model: It
is possible to extend the frequency range in which the ROMs are accurate but this will increase the
number of DOFs in the ROMs.
The error plot in figure 4 also shows that of the two reduced-order models in u− p formulation,
the model obtained with the extended basis is consistently more accurate than the one obtained
with the non-extended basis. This confirms the statement we made regarding the column spaces of
V and V˜ in section 5.2.
Although all of these methods can be used to obtain an accurate reduced-order model for
frequency-domain analysis, we additionally require preservation of stability to accurately match
time-domain behaviour. Figure 5 shows that both the reduced u− p model using a non-extended
projection basis and the reduced model using a standard u− φ formulation have poles in the
right-half of the complex plane, indicating instability. A closer look at the poles of the reduced
model in u− p formulation with extended basis and the one in the modified u− φ formulation
‡The FE model and corresponding figure were generated using COMSOL Multiphysics 5.0
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Figure 3. The FRFs of the reduced-order models approximate the FRF of the full FE model of the cube-
shaped cavity well up to about 400 Hz.
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Figure 4. The reduced-order models exhibit a small relative error on the FRF amplitude up to 400 Hz.
Extending the projection basis V to V˜ increases the accuracy of the reduced-order model in the u− p
formulation.
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reveals that they are all in the left-half of the complex plane; the stability of the original FE model
has been preserved in the projection. Note that there is a pole at the origin of the complex plane,
indicating the existence a rigid-body mode. This rigid-body mode corresponds to a uniform pressure
variation of the acoustic fluid. Figure 6 shows a close-up of the poles of the stable reduced-order
models (the modified u− φ projection and the u− p projection with an extended basis) and the
full-order model. It can be seen that the poles of the stable reduced-order models approximate the
poles of the original system very well up to about 400 Hz (' 2500 rad/s). This is in agreement with
our previous observation concerning the approximation accuracy in the frequency-domain.
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Figure 5. The reduced u− p model without extended basis and the reduced model in standard u− φ
formulation have poles in the right-half of the complex s-plane, indicating instability.
The use of the extended projection basis increases the ROM size but also enhances the accuracy,
making it difficult to judge its performance compared to the other reduction methods. A good
assessment of the relative performance of the different reduction methods can be made by means
of a convergence study. To this end figure 7 shows how the H2-norm of the relative FRF amplitude
error ε (evaluated over the range of 1 to 400 Hz) evolves with increasing ROM size. It can be
observed that the method using an extended projection basis is unable to match the accuracy of the
other methods for a given ROM size, or conversely that it requires more reduced DOFs to achieve a
similar accuracy.
The time responses of the reduced u− p model with non-extended basis and the reduced
model in standard u− φ formulation are almost instantly dominated by the exponentially growing
contributions of the unstable poles, which makes these systems infeasible for analysis in the
time-domain. In contrast, the reduced models generated using the modified u− φ formulation
or using an extended projection basis are perfectly suitable for time integration. Note that, since
the reduced model only matches the full system behaviour up to 400 Hz, it will only be accurate
in the time-domain for the part of the response that falls within this spectrum. Figure 8 presents
the time responses of the full FE model, the reduced u− φ model and the reduced u− p model
with extended basis. The input force is a sine of which the frequency varies linearly in time. The
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Figure 6. The poles of the full model and the stable reduced-order models of the cube-shaped cavity match
well up to about 400 Hz (' 2500 rad/s).
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Figure 7. The extended base u− p projection method is less efficient than the other reduction methods in
terms of accuracy per DOF.
frequency sweeps up from 0 to 400 Hz in the first second of the simulation. Then it sweeps back
down again to 0 Hz at 2s. The simulation was performed using a generalized-α time integration
scheme without numerical dissipation and with a time step of 1, 25.10−4 s, which is sufficiently
small with respect to the frequency range of interest [41]. As can be seen from the figure, the
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error introduced by the model reduction is extremely small. The strong reduction in model size
accomplished by the projection-based MOR leads to a significant reduction in computational effort
while still retaining model accuracy.
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Figure 8. The extended u− p and modified u− φ reduced models accurately describe the time-domain
behaviour of the full FE model of the cube-shaped cavity.
7.2. Car interior with vibrating roof and normal impedance
For the second case we study the vibro-acoustic behaviour of a car interior, the geometry of which
is shown in figure 9a. This example demonstrates that the developed methods are not confined
to geometrically simple cases and can handle problems of industrial size and complexity. The
roof of the car is modeled as a flexible steel panel with a thickness of 2 mm which is clamped
at its boundaries and the interior is filled with air. Elements with linear shape functions are
used with an element size that provides a resolution of at least 6 elements per wavelength up to
200 Hz. The resulting finite element mesh is depicted in figure 9b. The mesh is finer near the
plate than in the bulk of the fluid since the wavelength of the bending waves in the structure
is smaller than the acoustic wavelength at 200 Hz. A normal impedance boundary condition is
imposed on the seat surfaces to represent the properties of the fabric. The normal impedance
value is chosen to be two times the characteristic impedance of air. All the other boundaries of
the acoustic domain are considered to behave as rigid walls. The damping in the structure is
again modeled as Rayleigh damping (Cs = αMs + βKs). Figure 10 shows which part of the
geometry is modeled as shells and for which surfaces the normal impedance boundary condition
applies. The excitation consists of a point force acting on the roof at (1.50 0.08 1.09) m, and the
sound pressure is calculated at (0.73 0.23 0.68) m. Table II lists the material properties of the system.
Copyright c© 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2016)
Prepared using nmeauth.cls DOI: 10.1002/nme
20 A. VAN DE WALLE, F. NAETS, E. DECKERS AND W. DESMET
(a) Car interior geometry.‡ (b) Finite element mesh for the car interior geometry.‡
Figure 9. Geometry of the model and finite element mesh.
(a) Surfaces with implied normal impedance.‡ (b) The structural part modeled with shells.‡
Figure 10. Boundary conditions and structural part of the model.
The finite element model of the roof and car interior has 14038 DOFs in total. The roof of
the car accounts for 7455 structural DOFs and the acoustic cavity for 6583 DOFs. The model
order reduction technique that is used is again a one-sided Krylov subspace projection where the
projection basis is constructed using the second-order Arnoldi algorithm [29, 39]. The expansion
points are determined through an iterative procedure. With the exception of the u− p projection
with extended basis, all the reduced-order models consist of 60 DOFs. The use of the extended
basis V˜ as in (21) however results in a reduced-order model with a size of 120 DOFs.
As can be seen in figures 11 and 12 all of the studied model order reduction techniques are able
to accurately describe the full system behaviour in the frequency-domain up to about 200 Hz. As
expected the u− p projected system with the extended basis is more accurate than the reduced-order
model that is obtained with the non-extended basis. The frequency up to which the reduced-order
models accurately approximate the full-order model can be increased by using additional expansion
points to calculate the Krylov subspace but this would also enlarge the reduced-order model size.
Similar to the previous numerical experiment both the u− p projection without extended basis
and the projection of the system in standard u− φ formulation lead to unstable reduced-order
models. This is shown in figure 13 as these models have poles in the right-half of the complex
plane. The comparison of the pole locations of the full-order model, the u− p projection with
extended basis and the projection of the system in the modified u− φ formulation in figure 14
shows that these stable reduced-order models accurately approximate the poles of the full-order
model up to about 200 Hz (' 1250 rad/s).
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Figure 11. The studied reduced-order models approximate the FRF of the full-order model well up to about
200 Hz for the car cavity model.
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Figure 12. The reduced-order models of the car cavity exhibit a small error on the FRF amplitude up to about
200 Hz.
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Figure 13. Pole locations of the reduced-order models of the car cavity. The non-extended basis u− p
projection and standard u− φ projection have poles in the right half-plane, indicating instability.
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Figure 14. The poles of the stable reduced-order models match the poles of the original model of the car
cavity well up to about 200 Hz (' 1250 rad/s).
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The convergence of the H2-norm of the relative FRF amplitude error ε was studied to compare
the relative performance of the different reduction methods for this case study. The H2-norm of
ε is evaluated over the range of 1 to 200 Hz. Figure 15 presents an overview of the results of this
convergence study. Again the method using an extended projection basis performs substantially
worse than the other methods when comparing them in terms of accuracy per DOF.
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Figure 15. The extended base u− p projection method is less efficient than the other reduction methods in
terms of accuracy per DOF.
As a final test to assess the accuracy of the stable reduced-order models a time-domain simulation
is performed with a swept sine force input. The frequency sweeps up from 0 to 200 Hz in the first
second of the simulation after which it sweeps back down again to 0 Hz at 2s. This simulation
was performed using a generalized-α time integration scheme without numerical dissipation and
with a time step of 2, 5.10−4 s, which is sufficiently small with respect to the frequency range of
interest [41]. Figure 16 shows that also for this more complex case the proposed methods are able to
provide a stable, efficient and accurate tool for the time-domain simulation of coupled vibro-acoustic
finite element models.
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Figure 16. Time response and errors of the full and stable reduced-order models of the car cavity.
8. CONCLUSIONS
Two different frameworks for stability-preserving model order reduction in vibro-acoustics are
proposed in this work. Starting from the theoretical study and proof of sufficient conditions for
stability preservation in a one-sided projection, we design two methods that guarantee stability
preservation for reduced vibro-acoustic models.
The first approach alters the displacement-fluid velocity potential (u− φ) formulation such that it
loses its symmetric nature in favor of a structure which preserves stability in a one-sided projection.
The practice of adjusting the structure of the original model to obtain specific properties resulting
in a stable reduced model is an original approach which has not been presented in literature before.
The second approach is based on a regular displacement-pressure (u− p) formulation and requires
the projection space to be decoupled for the structural and acoustic domains in order to preserve
stability. This method acts upon the projection space instead of the original model to achieve
stability-preserving model order reduction.
The presented techniques are validated numerically in order to demonstrate their suitability for
applications like time-domain simulation. The validation cases clearly show the shortcomings of
classically reduced order models due to their unstable behavior and demonstrate the stable time-
domain behavior of the newly presented approaches. The reduction of the introduced modified
u− φ formulation provides the highest reduction efficiency, at the cost of a non-standard model
description. The second approach allows for the system to be modeled in the common u− p
formulation, but requires an increase in ROM size to obtain similar accuracy.
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plate Young’s modulus 69 GPa
plate Poisson’s ratio 0.3
plate density 2700 kg/m3
air density 1.225 kg/m3
Rayleigh coefficient α 25
Rayleigh coefficient β 2.5 . 10−7
Table I. Material properties of the aluminium plate and acoustic fluid.
roof Young’s modulus 200 GPa
roof Poisson’s ratio 0.3
roof density 8000 kg/m3
air density 1.225 kg/m3
seats normal impedance 2 . 1.225 . 340 Pa.s/m
Rayleigh coefficient α 10
Rayleigh coefficient β 1 . 10−7
Table II. Material properties of the car interior and flexible roof.
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